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Effective Connectivity

What is effective connectivity?
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Effective Connectivity

What

• It describes the causal influences that neural units exert
over another, either at a synaptic or population level

• It is described by a causal model of interactions between
the elements of the neural system
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Effective Connectivity

What

• It describes the causal influences that neural units exert
over another, either at a synaptic or population level

• It is described by a causal model of interactions between
the elements of the neural system

Why do we need system identification?
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• It describes the causal influences that neural units exert
over another, either at a synaptic or population level

• It is described by a causal model of interactions between
the elements of the neural system

Why • It has to be estimated from noisy brain time-series

How is effective connectivity estimated?
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fMRI signal

• fMRI has
• high spatial resolution (1-5 mm)
• low temporal resolution (sampling time TR ≈ sec)

• fMRI measures the BOLD signal (Blood Oxygenation Level Dependent signal)

• BOLD is an indirect measure of neuronal activity
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fMRI signal

• fMRI has
• high spatial resolution (1-5 mm)
• low temporal resolution (sampling time TR ≈ sec)

• fMRI measures the BOLD signal (Blood Oxygenation Level Dependent signal)

• BOLD is an indirect measure of neuronal activity

To estimate effective connectivity we need a generative model of the fMRI signal
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Deterministic DCM Friston, Harrison, and Penny 2003

Balloon
model

neuronal state
equation

BOLD signal

hemodynamics
state
equation
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fMRI signal

stimulusCondition: Task
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Effective
Connectivity
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≡
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A, B, C , θh
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Stochastic DCM Friston et al. 2014
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ṙt = −κrt − γ(ft − 1) + x
(i)
t
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Effective
Connectivity
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≡
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A, θh,
{xt},
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Existing Estimation Methods Friston et al. 2007

1. Postulate a set of candidate models m(`) (connectivity patterns)

2. Use Variational Bayes

ln p(y |m(`)) = F
(
q(θ|m(`))

)
+ KL

(
q(θ|m(`)) || p(θ|y ,m(`))

)

q∗(θ|m(`)) = arg max
q(θ)
F
(
q(θ|m(`))

)

• Mean-field assumption

q(θ|m(`)) =
∏
i

qi (θi |m(`)) =⇒ q∗i (θi |m(`)) =
1

C
exp

(
Ej 6=i ln[p(y , θ)]

)

• Laplace assumption

p(θi |y) ∼ N (θ̂i , Σ̂i ), qi (θi |m(`)) ∼ N (µ,P) =⇒ q∗i ∼ N (θ̂i , Σ̂i )

3. m∗ = arg maxm(`) F
(
q∗(θ̂|m(`))

)
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dθ
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Our Method: Key Ingredients

Model

• Condition: rest

• Discretized model

• Statistical linearization of the Balloon model

• Linear stochastic state-space model

Parameters
Estimation

• Sparsity inducing prior on the connectivity matrix

• Reweighted method to estimate it

• RTS smoother to estimate the neuronal state {xk}

• EM algorithm to estimate model parameters
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Our model

Balloon
model

neuronal state
equation

BOLD signal

hemodynamics
state
equation

ẋt = A xt + wt

ṙt = −κrt − γ(ft − 1) + xt

ḟt = rt

τ v̇t = ft − v
1/ξ
t

τ q̇t =
ft
ρ

[
1− (1− ρ)1/ft

]
− v

1/ξ−1
t qt

bt = V0

[
k1(1− qt) + k2

(
1− qt

vt

)
+ k3(1− vt)

]

yt = bt + et

wt ∼ N (0, σ2In)

xt neuronal activity

fMRI signal

Condition: Rest
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Our model

linearized
Balloon
model

neuronal state
equation xk+1 = eATR xk + wk

bk =
s−1∑

`=0

h` xk−`

=
[
hT ⊗ In

]



xk
xk−1
...

xk−s+1




yk = bk + ek

wk ∼ N
(
0, σ2

∫ TR

0
eAτeA

T τdτ
)

xk neuronal activity

fMRI signal

Condition: Rest

Discretization
+

Linearization

ek ∼ N (0,λ2In)
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Our model

Linear
Stochastic
State-Space
Model

xk+1 =

[
eATR 0
In(s−1) 0

]
xk +

[
wk

0

]

bk =
[
hT ⊗ In

]
xk

yk = bk + ek

wk ∼ N
(
0, σ2

∫ TR

0
eAτeA

T τdτ
)

fMRI signal

Condition: Rest

ek ∼ N (0,λ2In)

Parameters:

A, σ, h, λ
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Statistical Linearization of the hemodynamic response

Balloon
model

ṙt = −κrt − γ(ft − 1) + x (i)
t

ḟt = rt

τ v̇t = ft − v1/ξ
t

τ q̇t =
ft

ρ

[
1 − (1 − ρ)1/ft

]
− v1/ξ−1

t qt

b(i)
t = V0

[
k1(1 − qt) + k2

(
1 − qt

vt

)
+ k3(1 − vt)

]

x
(i)
t b

(i)
t

θh ∼ N (θ̄, Σ̄θ) Empirical prior reported in
Friston, Harrison, and Penny 2003
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1 − (1 − ρ)1/ft
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t qt

b(i)
t = V0

[
k1(1 − qt) + k2

(
1 − qt

vt

)
+ k3(1 − vt)

]

x
(i)
t b

(i)
t

θh ∼ N (θ̄, Σ̄θ) Empirical prior reported in
Friston, Harrison, and Penny 2003

h
x
(i)
t b

(i)
t

≈

h ∼ N (h̄, Σ̄h)
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Parameters Estimation: Bayesian Perspective

MAP Estimator
η̂ = arg maxη p(Y |η)p(η)

η = {A,σ, h,λ}
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Prior

p(η) ∝ p(A) p(σ) p(h) p(λ)

• p(vec(A)) ∼ N (0, Γ), Γ := diag(γ1, ..., γn2 ))

• p(h) ∼ N (h̄, Σ̄h)

• p(σ), p(λ) uninformative
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η = {A,σ, h,λ}

Prior

p(η) ∝ p(A) p(σ) p(h) p(λ)

• p(vec(A)) ∼ N (0, Γ), Γ := diag(γ1, ..., γn2 ))

• p(h) ∼ N (h̄, Σ̄h)

• p(σ), p(λ) uninformative

Likelihood
p(Y |η) =

∫
p(X,Y |η) dX, X := [xT (0) · · · xT (N)]T
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Parameters Estimation: Bayesian Perspective

MAP Estimator
η̂ = arg maxη p(Y |η)p(η)

η = {A,σ, h,λ}

Prior

p(η) ∝ p(A) p(σ) p(h) p(λ)

• p(vec(A)) ∼ N (0, Γ), Γ := diag(γ1, ..., γn2 ))

• p(h) ∼ N (h̄, Σ̄h)

• p(σ), p(λ) uninformative

Likelihood
p(Y |η) =

∫
p(X,Y |η) dX, X := [xT (0) · · · xT (N)]T

• Use EM algorithm to maximize ln p(Y |η) + ln p(η)
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EM Algorithm

EM Algorithm

Initialization: Choose η(0) and set l = 0

1: repeat

2: E-step: Evaluate p(X|Y , η(l))

3: M-step: η(l+1) = arg maxη∈Ω Q(η, η(l)) + ln p(η)

4: l = l + 1

5: until ‖η(l) − η(l−1)‖/‖η(l)‖ is sufficiently small

Outputs: η(l)

Q(η, η(l)) =

∫
p(X|Y , η(l)) ln p(X,Y |η) dX
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Parameters Estimation: EM

Need to apply RTS smoother to evaluate
p(X|Y , η(l)) and Q(η, η(l))
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Parameters Estimation: EM

Need to apply RTS smoother to evaluate
p(X|Y , η(l)) and Q(η, η(l))

Modified EM Algorithm

Inputs: yk , k = 1, ..,N

Initialization: Choose η(0) and set l = 0

1: repeat

2: E-step: Apply RTS smoother to evaluate p(X|Y , η(l))

3: M-step: η(l+1) = arg maxη∈Ω Q(η, η(l)) + ln p(η)

4: Γ(l+1) = Update hyper-parameters Γ of prior p(vec(A))

5: l = l + 1

6: until ‖A(l) − A(l−1)‖F/‖A(l)‖F is sufficiently small

Outputs: η(l)
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Iterative Reweighted Method on Nonlinear model

NonLinear
Regression
Model

xk+1 = eATRxk + wk , wk ∼ N (0,Q)
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Iterative Reweighted Method on Nonlinear model

NonLinear
Regression
Model

xk+1 = eATRxk + wk , wk ∼ N (0,Q)

Aim Estimate A sparse

Prior vec(A) ∼ N (0, diag (γ1, · · · , γn2 ))
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Iterative Reweighted Method on Nonlinear model

NonLinear
Regression
Model

xk+1 = eATRxk + wk , wk ∼ N (0,Q)

Aim Estimate A sparse

Prior vec(A) ∼ N (0, diag (γ1, · · · , γn2 ))

Reweighted
Algorithm

Iterate until A converges:

• vec
(
A(l+1)

)
= E[vec(A)|Y , γ(l)]

• γ(l+1)
i = Update using linearization

eATR ' I + ATR
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Experiment: Data and Performance Metrics

Simulated
Data

• True effective connectivity matrix

A =




−0.5 0 0 0 −0.2 0 0
0 −0.5 0 −0.45 −0.3 0 0
0 0 −0.5 0.8 0 0 0
0 0.6 0 −0.5 −0.1 0.6 0

0.3 0 −0.55 0 −0.5 0.2 0
0 0 0 0 0.3 −0.5 0.45

0.15 0 0.2 0 0 0 −0.5




• 20 Monte-Carlo runs with different realizations of wk , σ2 = 0.01

• N = 600 data per each MC run

• Output SNR=10

• TR = 2 sec
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Data
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0 0 −0.5 0.8 0 0 0
0 0.6 0 −0.5 −0.1 0.6 0

0.3 0 −0.55 0 −0.5 0.2 0
0 0 0 0 0.3 −0.5 0.45

0.15 0 0.2 0 0 0 −0.5




• 20 Monte-Carlo runs with different realizations of wk , σ2 = 0.01

• N = 600 data per each MC run

• Output SNR=10

• TR = 2 sec

Root
Mean
Squared
Error

RMSE(Â) =
‖A− Â‖F√
n(n − 1)

A denotes the matrix A with its diagonal set to 0
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Experiment: Data and Performance Metrics

Simulated
Data

• True effective connectivity matrix

A =




−0.5 0 0 0 −0.2 0 0
0 −0.5 0 −0.45 −0.3 0 0
0 0 −0.5 0.8 0 0 0
0 0.6 0 −0.5 −0.1 0.6 0

0.3 0 −0.55 0 −0.5 0.2 0
0 0 0 0 0.3 −0.5 0.45

0.15 0 0.2 0 0 0 −0.5




• 20 Monte-Carlo runs with different realizations of wk , σ2 = 0.01

• N = 600 data per each MC run

• Output SNR=10

• TR = 2 sec

Errors
in the
sparsity
pattern

No. false positives + No. false negatives
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Experiment: Comparison with Existing Methods

Compare proposed EM algorithm with:

• Spectral DCM (Variational Bayes on frequency-domain data)

• Generalized Filtering (Variational Bayes on time-domain data using

generalized coordinates)
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Candidate sparsity patterns provided to Variational Bayes methods
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Experiment: Comparison with Existing Methods

sDCM GF

ERR(Â) #Chosen RMSE(Â) #Chosen RMSE(Â)

(a) 0 2 0.09 0 0.22
(b) 4 0 0.28 0 0.22
(c) 6 0 0.27 0 0.22
(d) 6 2 0.13 0 0.22
(e) 8 0 0.25 0 0.22
(f) 10 0 0.31 0 0.23
(g) 19 1 0.35 0 0.24
(h) 22 15 0.30 0 0.23
(i) 19 0 0.38 20 0.24
(j) 15 0 0.33 0 0.23
(k) 21 0 0.34 0 0.23
(l) 17 0 0.32 0 0.23

# MC runs RMSE(Â)

ERR(Â) ≤ 4 5 0.09

5 ≤ ERR(Â) ≤ 8 8 0.10

9 ≤ ERR(Â) ≤ 11 5 0.13

ERR(Â) ≥ 12 2 0.44

Our
Method
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Conclusions

We propose an algorithm to

estimate brain effective connectivity
from fMRI data

• Linear state-space model as generative
model for fMRI data

• EM algorithm for parameters estimation

• Sparsity inducing prior + reweighted
method to avoid combinatorial search over
candidate connectivity patterns
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Thank you
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